Introduction
The central role in quantum information theory is played by the notion of a quantum channel, transforming states of one (input) quantum system into states of other (output) quantum system. The important characteristics of a quantum channel are the output entropy and its convex closure 1 (cf. [16] ), which is widely used in quantum information theory, sometimes, implicitly. For example, the Holevo capacity of a quantum channel with finite output entropy can be defined as the maximal difference between the output entropy and its convex closure. Another example is the notion of entanglement of formation (EoF) of a state in bipartite system. Indeed, it is easy to see that the definition of the EoF in the finite dimensional case implies it coincidence with the convex closure of the output entropy of a partial trace [2] , [1] . In the infinite dimensional case the EoF can be directly defined as the convex closure of the output entropy of a partial trace. The advantages of this definition and its relations with some others are discussed in [19] .
The representation of the convex closure of the output entropy (in what follows, CCoOE) of an arbitrary infinite dimensional channel and some its properties are obtained in [19] . In this paper we develop these results and show their applications to the additivity problem.
In section 3 the continuity conditions for the CCoOE are considered (propositions 1 and 2, corollary 1). The nontrivial example of channel with continuous and bounded CCoOE is presented.
In section 4 the superadditivity property of the CCoOE is considered. For partial trace channels these property means strong superadditivity of the EoF [1] . In the finite dimensional case superadditivity of the CCoOE for given two channels is equivalent to the additivity of the Holevo capacity for these channels with arbitrary constraints [10] . Moreover, the global additivity conjecture can be expressed as the superadditivity of the CCoOE for partial trace channels (= superadditivity of the EoF) [23] . In the infinite dimensional case the relations between different addivity properties are more complex. The main problem in this case consists in existence of pure states with infinite entropy of partial traces, which can be called superentangled (see remark 4 in [18] ). It is this problem that up to now prevented to prove the CCoOE-analog of theorem 3 in [18] , stated that the additivity of the Holevo capacity for all finite dimensional channels implies the additivity of the Holevo capacity for all infinite dimensional channels with arbitrary constraints and to show the superadditivity of the CCoOE (and even additivity of the minimal output entropy) for two infinite dimensional channels with one of them a direct sum of noiseless and entanglement-breaking channels despite the fact that additivity of the Holevo capacity for these channels with arbitrary constraints is derived in [18] from the corresponding finite dimensional results [22] , [10] . In this paper we overcome this difficulties by using special approximation result (lemma 1), based on the continuity property of the CCoOE and some other observations from [19] .
The main result of this paper is the statement that the superadditivity of the CCoOE for all finite dimensional channels implies the superadditivity of the CCoOE for all infinite dimensional channels (theorem 1 and corollary 2), which implies the analogous statements for the strong superadditivity of the EoF (corollary 3) and for the additivity of the minimal output entropy (corollary 4). This result and theorem 3 in [18] provide infinite dimensional generalization of Shor's theorem [23] , stated equivalence of different additivity conjectures (theorem 2). The approximation technic used in the proof of the above result also makes possible to derive the superadditivity of the CCoOE (and hence the additivity of the minimal output entropy) for two infinite dimensional channels with one of them a direct sum of noiseless and entanglement-breaking channels (proposition 3) from the additivity of the Holevo capacity for these channels with arbitrary constraints. Some conse-quences of this result are considered (corollary 5 and remark 5).
The role of the superadditivity of the CCoOE is stressed by the observation in [9] , [14] that validity of this property for some pair of channels means its validity for the pair of complementary channels. By theorem 1 in [10] in the finite dimensional case this result can be reformulated in terms of the additivity of the Holevo capacity. In the infinite dimensional case the situation is more difficult, but some conditional result in this direction can be proved (proposition 4). This and the above observations leads to extension of the class of infinite dimensional channels for which the superadditivity of the CCoOE and the additivity of the Holevo capacity with arbitrary constraints are proved (corollary 6).
In the Appendix 5.1 some general continuity condition for the quantum entropy applicable to noncompact and nonconvex sets of states is considered (proposition 5, corollaries 7 and 8).
Preliminaries
Let H be a separable Hilbert space, B(H) be the set of all bounded operators on H, T(H) be the Banach space of all trace-class operators with the trace norm · 1 and S(H) be the closed convex subset of T(H) consisting of all density operators on H, which is complete separable metric space with the metric defined by the trace norm. Each density operator uniquely defines a normal state on B(H) [4] , so, in what follows we will also for brevity use the term "state".
We denote by coA (coA) the convex hull (closure) of a set A and by cof (cof ) the convex hull (closure) of a function f [16] . We denote by extA the set of all extreme points of a convex set A.
Let P be the set of all Borel probability measures on S(H) endowed with the topology of weak convergence [3] , [17] . Since S(H) is a complete separable metric space P is a complete separable metric space as well [17] . Let P be the closed subset of P consisting of all measures supported by the closed set extS(H) of all pure states.
The barycenter of the measure µ is the state defined by the Bochner integralρ
For arbitrary state ρ in S(H) let P {ρ} (corresp. P {ρ} ) be the subset of P (corresp. P) consisting of measures with the barycenter ρ.
A collection of states {ρ i } with corresponding probability distribution {π i } is conventionally called ensemble and is denoted by {π i , ρ i }. In this paper we will consider ensemble of states as a partial case of probability measure, so that notation {π i , ρ i } ∈ P {ρ} means that ρ = i π i ρ i . An ensemble consisting of finite number of states is denoted by {π i , ρ i } f and is also called a measure with finite support.
We will use the following extension of the von Neumann entropy S(ρ) = −Trρ log ρ of a state ρ to the set of all positive trace class operators (cf. [15] )
Nonnegativity, concavity and lower semicontinuity of the von Neumann entropy S on the set S(H) imply the same properties of the entropy H on the set T + (H).
Let H, H ′ be a pair of separable Hilbert spaces which we shall call correspondingly input and output space. A channel Φ is a linear positive trace preserving map from
The important characteristic of a quantum channel Φ is the output entropy H Φ (ρ) = H(Φ(ρ)) -concave lower semicontinuous function on the input state space S(H). It is shown in [19] that the convex closure of the output entropy (CCoOE) of an arbitrary quantum channel Φ is defined by the expression
for all ρ in S(H) and that the last infimum in this expression is always achieved at some measure µ Φ ρ in P {ρ} . Remark 1. There exist channels Φ and states ρ such that each optimal measure µ Φ ρ is purely nonatomic. Indeed, let Φ 0 be the partial trace channel and ρ 0 be the separable state constructed in [12] , such that any measure with the barycenter ρ 0 has no atoms in the set of pure product states, then coH Φ 0 (ρ 0 ) = 0 and by the construction of the state ρ 0 any optimal measure µ Φ 0 ρ 0 has no atoms.
It is also shown in [19] that
in the case H Φ (ρ) < +∞. By decomposing each state of finite ensemble {π i , ρ i } f into convex countable combination of pure states and by using concavity of the (output) entropy it is easy to obtain from (1) and (2) that in the case H Φ (ρ) < +∞ the following representation holds
Remark 2. Validity of representations (2) and (3) for all states with finite output entropy implies that the definition of the entanglement of formation as the CCoOE of a partial trace, proposed in [19] , is reasonable from the physical point of view. Indeed, since in a physical experiment we can prepare only states with finite mean energy, it is reasonable to consider in the definition of the entanglement of formation E F (ω) of a given state ω with finite energy only convex decompositions of this state consisting of states with finite energy. Representations (2) and (3) imply that for any such state ω the infimum in definition (1) of the value coH Φ (ω), where Φ is a partial trace, can be taken only over the set of atomic measures whose atoms are states with finite energy.
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In the case H Φ (ρ) = +∞ the general properties of the entropy [15] , [25] implies coH Φ (ρ) = +∞, but coH Φ (ρ) may be finite (for example, if Φ is the noiseless channel then coH Φ (ρ) = 0 for all states ρ) and hence representation (2) does not hold in this case. Nevertheless this does not imply that representation (3) is not true. Moreover, for all studied examples of quantum channels Φ this representation holds for all states ρ and some general sufficient condition for its validity can be formulated (proposition 2 below). Note that " ≤ " in (3) is obviously follows from (1), but the proof of " = " remains an open problem. Validity of representation (3) for all channels Φ and states ρ is a very desirable property from the technical point of view since in proving general results it is more convenient to deal with a countable sum instead of an integral over an arbitrary probability measure. In [21] (remark 2 and the note below) it is shown that representation (3) can not be proved by using only such analytical properties of the output entropy as concavity and lower semicontinuity.
For brevity and according to the tradition the convex closure coH Φ of the output entropy H Φ of a channel Φ will be denoted below byĤ Φ .
The χ-function of the channel Φ is defined by (cf. [10] , [11] )
The χ-function of an arbitrary infinite dimensional channel Φ is a nonnegative concave and lower semicontinuous function, such that
for all states ρ with finite output entropy H Φ (ρ) [18] . We will denote by h 2 (p) the binary entropy −p log p − (1 − p) log(1 − p).
Continuity properties
For arbitrary channel Φ the functionĤ Φ = coH Φ is lower semicontinuous by definition but it is not continuous in general. Nevertheless the function H Φ can have continuous restrictions to some sets of states. Moreover for some channels Φ it can be continuous and bounded on the whole state space (for example, if Φ is the noiseless channel thenĤ Φ ≡ 0). In this section we consider two continuity conditions for this function.
In [19] the sufficient condition of continuity of the restriction of the functionĤ Φ to a subset of S(H) is obtained (proposition 7). This condition can be reformulated as follows.
be an arbitrary quantum channel. If {ρ n } is a sequence of states converging to the state ρ 0 such that
Remark 3. The statement of proposition 1 seems surprising by the following reason. A value of the output entropy H Φ at a particular state ρ is completely defined by the output state Φ(ρ) and it does not depend on the action of the channel Φ on other input states. Hence the condition lim n→+∞ H Φ (ρ n ) = H Φ (ρ 0 ) depends only on the action of the channel Φ on the states of the sequence {ρ n } and its limit state ρ 0 so that it is a local condition. In contrast to this a value of the functionĤ Φ at a particular state ρ depends on the action of the channel Φ on the whole state space.
3 It follows as from the general definition of the convex closure as from representation (1) . Hence the property lim n→+∞ĤΦ (ρ n ) =Ĥ Φ (ρ 0 ) depends on the action of the channel Φ on the whole state space so that it is nonlocal. Nevertheless proposition 1 provides a sufficient condition of its validitity in terms of the above local condition.
It is shown in [19] that proposition 1 implies continuity of the entanglement of formation on the set of all states of bipartite system with bounded mean energy. In this paper we will use this proposition in proving our basic approximation result (lemma 1 in section 4), concerning the additivity problem.
Note also that proposition 1 implies the following observation, which shows continuity of the CCoOE with respect to the convergence defined by the quantum relative entropy H(· ·) [15] .
Proof. By proposition 1 it is sufficient to show that lim n→+∞ H Φ (ρ n ) = H Φ (ρ 0 ) < +∞. But this follows from proposition 2 in [20] since by monotonicity of the relative entropy the condition lim n→+∞ H(ρ n ρ 0 ) = 0 implies lim n→+∞ H(Φ(ρ n ) Φ(ρ 0 )) = 0.
Note that the conditions of corollary 1 are valid for arbitrary Gaussian channel Φ and arbitrary Gaussian state ρ 0 .
The assertion of proposition 1 can not be converted as it follows from the example of the noiseless channel Φ.
In contrast to proposition 1 the following proposition provides a necessary and sufficient condition of continuity of the CCoOE on the whole state space.
Proposition 2. Let Φ : S(H) → S(H ′ ) be an arbitrary quantum channel. The convex closureĤ Φ of the output entropy H Φ is bounded and continuous on the set S(H) if and only if the output entropy H Φ is bounded and continuous on the set extS(H). In this case representation (3) holds for arbitrary state ρ in S(H).
The above equivalent properties hold if there exist separable Hilbert space K and set {α ψ } ψ∈H, ψ =1 of isomorphism from S(H ′ ) onto S(K) such that α ψ (Φ(|ψ ψ|)) lies for each ψ in some compact subset A of S(K), on which the entropy is continuous.
Proof The first part of this proposition follows from proposition 5 and corollary 9 in [21] . The second one follows from corollary 7 in the Appendix 5.1, where general condition of continuity of the entropy is considered.
Note that continuity of the output entropy on the set of pure states is not very restrictive requirement. Indeed, this continuity trivially holds for noiseless channel, for which the output entropy coincides with the entropy of a state and is far from being continuous on the whole state space. Note that in this case the sufficient condition in proposition 2 is also trivially verified with K = H ′ , A = {|ψ 0 ψ 0 |} and α ψ = U ψ (·)U * ψ , where U ψ is any unitary such that U ψ |ψ = |ψ 0 and |ψ 0 is some fixed unit vector in H ′ . The nontrivial application of the sufficient condition in proposition 2 is the proof of continuity of the CCoOE for the class of channels considered in the following example.
Example. Let H a be the Hilbert space L 2 ([−a, +a]), where a ≤ +∞ and {U t } t∈R be the group of unitary operators in H a defined by
For given probability density function p(t) consider the channel
Assume that the differential entropy 
The additivity problem
Let Φ : S(H) → S(H ′ ) and Ψ : S(K) → S(K ′ ) be two channels. In this section we consider the superadditivity property of the CCoOE, which means validity of the inequalitŷ
for all states ω in S(H ⊗ K), where ω H = Tr K ω and ω K = Tr H ω. If Φ and Ψ are partial trace channels then this property means the strong superadditivity of the entanglement of formation [1] . Hence, as it is proved by P.Shor [23] , the global additivity conjecture in the finite dimensional case can be expressed as the superadditivity of the CCoOE for partial trace channels.
The superadditivity of the CCoOE for given two finite dimensional channels is equivalent to the additivity of the Holevo capacity for these channels with arbitrary constraints, which can be expressed as the subadditivity property of the χ-function, consisting in validity of the inequality
for all states ω in S(H ⊗ K) [10] . The continuity condition for the CCoOE, considered in section 3, implies the following approximation result, which plays a basic role in this section.
• inequality (6) holds with ω = ω n for each n ∈ N, then inequality (6) holds for all states ω in S(H ⊗ K).
Proof. Note first that the condition of the lemma implies inequality (6) for arbitrary finite rank state ω such that H Φ⊗Ψ (ω) < +∞. Let ω 0 be such a state. By proposition 1 the first property of the corresponding sequence {ω n } implies lim n→+∞ĤΦ⊗Ψ (ω n ) =Ĥ Φ⊗Ψ (ω 0 ). By this and due to lower semicontinuity of the functionsĤ Φ andĤ Ψ the second property of the sequence {ω n } implies inequality (6) with ω = ω 0 .
It is sufficient to prove inequality (6) for an arbitrary state ω in S(H ⊗K) such thatĤ Φ⊗Ψ (ω) < +∞. Let ω 0 be such a state. By lemma 3 in [19] there exists a sequence {ω n } of finite rank states in S(H ⊗ K) converging to the state ω 0 such that
By the previous observation inequality (6) holds with ω = ω n for all n = 1, 2, ... This, lower semicontinuity of the functionsĤ Φ andĤ Ψ and (8) imply inequality (6) with ω = ω 0 .
Remark 4. By lemma 1 to prove the superadditivity of the CCoOE for given two channels Φ and Ψ it is sufficient to prove inequality (6) for arbitrary finite rank state ω in S(H ⊗ K) such that H Φ⊗Ψ (ω) < +∞.
In [18] it is proved that additivity of the Holevo capacity for all finite dimensional channels implies additivity of the Holevo capacity for all infinite dimensional channels with arbitrary constraints. Lemma 1 makes possible to prove the analogous result, concerning the superadditivity of the CCoOE.
Theorem 1. If the superadditivity of the CCoOE holds for all finite dimensional channels then the superadditivity of the CCoOE holds for all infinite dimensional channels.
Proof. By the observation in [13] any channel is unitarily equivalent to a particular subchannel 5 of a partial trace. Since the superadditivity of the CCoOE for arbitrary two channels implies the same property for any their subchannels it is sufficient to consider the case of partial trace channels Φ and Ψ. Let H, L, K, N be separable Hilbert spaces and
Let ω 0 be a state in S(H ⊗ L ⊗ K ⊗ N ) such that H Φ⊗Ψ (ω 0 ) < +∞. Let {P n }, {R n }, {Q n }, {S n } be increasing sequences of n-dimensional projectors in the spaces H, L, K, N , strongly converging to the identity operators I H , I L , I K , I N correspondingly. Consider the sequence of states
converging to the state ω 0 . For each n the following operator inequality holds
Indeed, let {|i } and {|j } be ONB in the spaces L and N correspondingly such that
|i i| and S n = n j=1 |j j|.
For arbitrary |ϕ in P n ⊗ Q n (H ⊗ K) we have
which implies (9). Since inequality (9) means decomposition
where λ = TrW n ω 0 , concavity of the entropy and proposition 4 in [15] imply
It follows from this and lower semicontinuity of the entropy that
By the assumption inequality (6) holds with ω = ω n for each n. Lemma 1 implies the superadditivity of the CCoOE for the channels Φ and Ψ.
By using corollary 3 in [6] theorem 1 can be strengthened as follows.
Corollary 2. If the superadditivity of the CCoOE holds for all finite dimensional unital channels then the superadditivity of the CCoOE holds for all infinite dimensional channels.
By the observation in [13] theorem 1 can be reformulated in terms of the strong superadditivity of the entanglement of formation.
Corollary 3. The strong superadditivity of the EoF in the finite dimensional case implies the strong superadditivity of the EoF in the infinite dimensional case. 6 Since the superadditivity of the CCoOE for two channels obviously implies the additivity of the minimal output entropy for these channels theorem 1, Shor's theorem [23] and corollary 3 in [6] imply the following result.
Corollary 4. The additivity of the minimal output entropy for all finite dimensional unital channels implies the additivity of the minimal output entropy for all infinite dimensional channels.
Theorem 1 and theorem 3 in [18] provide infinite dimensional generalization of Shor's theorem [23] .
Theorem 2. The following properties are equivalent:
• the additivity of the Holevo capacity holds for all infinite dimensional channels with arbitrary constraints;
• the additivity of the minimal output entropy holds for all infinite dimensional channels;
• the strong superadditivity of the EoF holds for arbitrary state in infinite dimensional bipartite system. Lemma 1, proposition 7 and theorem 2 in [18] make possible to derive the superadditivity of the CCoOE for nontrivial classes of infinite dimensional channels from the corresponding finite dimensional results [22] , [10] .
Proposition 3. Let Ψ be an arbitrary channel. The superadditivity the CCoOE holds in each of the following cases:
(i) Φ is the noiseless channel; (ii) Φ is an entanglement breaking channel;
(iii) Φ is a direct sum mixture (cf. [10] ) of a noiseless channel and a channel Φ 0 such that the superadditivity the CCoOE holds for Φ 0 and Ψ (in particular, an entanglement breaking channel).
Proof. (i) 7 Let Φ = Id be the noiseless channel. Let ω 0 be a state such that H Φ⊗Ψ (ω 0 ) < +∞ and {P n } be the increasing sequence of spectral projectors of the state ω H 0 = Tr K ω 0 . Consider the sequence of states ω n = λ −1 n P n ⊗ I ω 0 P n ⊗ I, converging to the state ω 0 , where λ n = Tr(P n ⊗ I ω 0 ).
Since Φ ⊗ Ψ(ω n ) = λ −1 n P n ⊗ I Φ ⊗ Ψ(ω 0 ) P n ⊗ I for all n these states have finite entropy and Simon's convergence theorem for entropy [24] implies
Since ω
This and well known inequality
By proposition 7 and theorem 2 in [18] inequality (6) holds with ω = ω n for each n.
Thus the sequence {ω n } satisfies the both conditions in lemma 1 for given state ω 0 . By this lemma inequality (6) holds for all states ω in S(H ⊗ K).
(ii) Let Φ be an entanglement-breaking channel. By lemma 1 it is sufficient to prove inequality (6) for all states ω such that H Φ⊗Ψ (ω) < +∞. Let ω 0 be such a state. Since the channel Φ is entanglement-breaking the state Φ ⊗ Ψ(ω 0 ) is separable and hence
By proposition 7 and theorem 2 in [18] inequality (6) holds with ω = ω 0 .
(
. By using this, (i) and the condition on the channel Φ 0 we obtain
for any state ω in S(H ⊗ K), where the last equality follows from the observation that the infimum in expression (1) for the valueĤ Id (ω H ) = 0 is achieved at any measure supported by pure states and having the barycenter ω H . Proposition 3 implies in particular the following result, which seems to be nontrivial in the infinite dimensional case.
Corollary 5. For arbitrary channels Φ and Ψ the following inequality holdsĤ
which implies in particular that
Proof. By proposition 3Ĥ Φ⊗Id (ω) ≥Ĥ Φ (ω H ) for any state ω. By using this and noting thatĤ Φ⊗Id (Id ⊗ Ψ(ω)) ≤Ĥ Φ⊗Ψ (ω) for any state ω (this follows from expression (1) for the CCoOE) we obtain the first assertion of the corollary. The second one obviously follows from the first.
Remark 5. By corollary 5 if the output entropy of one of the channels Φ and Ψ is everywhere infinite then the output entropy of the channel Φ ⊗ Ψ is everywhere infinite as well despite the properties of the another channel.
In [9] , [14] it is noted that the notion of complementary channel introduced in [5] is very useful in connection with the additivity problem. If Φ : S(H) → S(H ′ ) is an arbitrary channel then by the Stinespring dilation theorem there exist a Hilbert space H ′′ and an isometry V :
The channel Φ :
is called complementary to the channel Φ. The complementary channel is defined uniquely up to unitary equivalence. The basic properties of the complementary relation are the following:
• H Φ (ρ) = H Φ (ρ) for arbitrary channel Φ and any pure state ρ;
• Φ ⊗ Ψ = Φ ⊗ Ψ for arbitrary channels Φ and Ψ.
The first property and the definition of the CCoOE implyĤ Φ ≡Ĥ Φ despite the fact that H Φ and H Φ may be substantially different functions. This and the second property show that the superadditivity of the CCoOE for channels Φ and Ψ is equivalent to the same property for the complementary channels Φ and Ψ (theorem 1 in [9] ).
In the finite dimensional case the superadditivity of the CCoOE for particular channels Φ and Ψ is equivalent to additivity of the Holevo capacity for these channels with arbitrary constraints. Hence in this case the above observation can be formulated in terms of this property: additivity of the Holevo capacity for channels Φ and Ψ with arbitrary constraints is equivalent to the same property for the complementary channels Φ and Ψ. Note that in contrast to the CCoOE the Holevo capacities for channels related by the complementary relation may be substantially different, but the common CCoOE plays, loosely speaking, the role of bridge between the additivity properties of the Holevo capacity for pairs of complementary channels.
In the infinite dimensional case there exist only conditional relations between the above additivity properties (theorem 2 in [18] ) and hence we can not prove the infinite dimensional version of the above observation, concerning the additivity of the Holevo capacity for pairs of complementary channels. Nevertheless the following conditional version can be proved.
Then the additivity of the Holevo capacity for the channels Φ and Ψ with arbitrary constraints is equivalent to the same property for the complementary channels Φ and Ψ.
Proof. By the first property of the complementary relation the condition of the proposition is symmetrical with respect to the pairs (Φ, Ψ) and ( Φ, Ψ). Hence it is sufficient to show that the additivity of the Holevo capacity for channels Φ and Ψ with arbitrary constraints implies the same property for the complementary channels Φ and Ψ.
Let S f (H ⊗ K) be the subset of S(H ⊗ K) consisting of all states ω such that rank ω H < +∞ and rank ω K < +∞. Note that the condition of the proposition implies H Φ (ω H ) < +∞ and H Ψ (ω K ) < +∞ for arbitrary state ω ∈ S f (H ⊗ K). By the part (i) ⇒ (iii) of theorem 2 in [18] the additivity of the Holevo capacity for the channels Φ and Ψ with arbitrary constraints implies validity of inequality (6) for these channels and arbitrary state ω ∈ S f (H ⊗ K). By the properties of the complementary relation this means validity of inequality (6) for the channels Φ and Ψ and arbitrary state ω ∈ S f (H ⊗ K). By the part (iii) ⇒ (ii) of theorem 2 in [18] this implies validity of inequality (7) for the channels Φ and Ψ and arbitrary state ω ∈ S f (H ⊗ K). By proposition 6 in [18] the last property implies validity of inequality (7) for the channels Φ and Ψ and arbitrary state ω ∈ S(H ⊗ K), which means the additivity of the Holevo capacity for the channels Φ and Ψ with arbitrary constraints.
Propositions 3 and 4 imply the following result. Corollary 6. Let Φ be a channel such that its complementary channel Φ belongs to one of the classes considered in proposition 3 and Ψ be an arbitrary channel. Then the superadditivity of the CCoOE holds for the channels Φ and Ψ.
If H Φ (ρ) < +∞, ∀ρ ∈ extS(H) and H Ψ (σ) < +∞, ∀σ ∈ extS(K) then the additivity of the Holevo capacity holds for the channels Φ and Ψ with arbitrary constraints.
By the fist part of corollary 6 the superadditivity of the CCoOE holds for arbitrary channel Ψ and the channel Φ a p considered in the example in section 3 with arbitrary probability density function p(t) and a ≤ +∞. Indeed, by using lemma 2 in Appendix 5.2 it is easy to see that
where ϕ p (x) = p(x), V t -the shift operator and M(·) -the projector valued measure of the operator of multiplication on x in H +∞ = L 
Appendices

Continuity condition for entropy
For many application it is necessary to have sufficient condition of continuity of the entropy on some subset of states. There exist several results of this type, in particular, Simon's convergence theorems for the entropy [24] . The important and widely used continuity condition is the following [25] : if H is a positive unbounded operator in separable Hilbert space H such that Tr exp(−λH) < +∞ for all λ > 0 then the entropy is continuous on the set
The feature of this (and some other conditions) consists in compactness and convexity of the set, on which continuity of the entropy is established 8 . Thus by using such conditions we can not prove boundedness and continuity of the entropy on noncompact or nonconvex sets such that the entropy is not continuous on their convex closure (note that by corollary 5 in [20] boundedness of the entropy on a convex set implies relative compactness of this set). A necessity to deal with such sets arises when we want to prove boundedness and continuity of the output entropy of a quantum channel on the set of all pure states if the output entropy of this channel is not bounded on the whole state space. This problem can be solved by using the following simple observation.
Let autS(H) be the set of all automorphism of the state space S(H). Proposition 5. Let K be a compact subset of S(H), on which the entropy is continuous. Then the entropy is bounded and continuous on the set
It is clear that the entropy is continuous on the "translation" α(K) of the set K by given α ∈ autS(H). Compactness of the set K implies, loosely speaking, that the entropy continuously changes under transition between different translations.
Proof. Boundedness of the entropy is obvious. Suppose the entropy is not continuous on the set K. Then there exists a sequence {ρ n } of states in K converging to a state ρ 0 in K such that lim n→+∞ H(ρ n ) > H(ρ 0 ). By definition of the set K there exits a sequence {α n } ⊂ autS(H) such that σ n = α n (ρ n ) ∈ K for all n. Since the set K is compact there exists a subsequence {σ n k } of the sequence {σ n } converging to some state σ 0 . Since the states ρ n k and σ n k = α n k (ρ n k ) are isomorphic for all k they have the same entropy. Moreover it follows that the limit states σ 0 and ρ 0 of the sequences {ρ n k } and {σ n k } are isomorphic and hence have the same entropy. By the assumption of continuity of the entropy on the set K we have
contradicting to the definition of the sequence {ρ n }.
For applications it is convenient to reformulate proposition 5 as follows. Tr(HUρU * ) ≤ h}, ∀h > 0.
By using corollary 8 it is easy to obtain all Simon's convergence theorems for entropy [24] .
The proof of the properties of the channel Φ a p
In this subsection the properties of the channel Φ a p described in the example in section 3 are proved. We will show that the sufficient condition in proposition 2 of boundedness and continuity of the function ρ → H(Φ a p (ρ)) on the set extS(H) holds for the channel Φ a p under the assumed conditions. Let {U t } t∈R and {V t } t∈R are the unitary groups in the Hilbert space L 2 (R) defined by the expressions (U t ϕ)(x) = exp(−itx)ϕ(x) and (V t ϕ)(x) = ϕ(x − t), ∀ϕ ∈ L 2 (R). (14), (16) and (17) the first inequality in (12) . The second inequality in (12) follows from the inequality (1 − α(d))H(ρ d ψ ) ≤ H(ρ ψ ) easily deduced from (13) .
